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Abstract: On the basis of two requirements: the avoidance of the curvature singularity
and the Maxwell theory as the weak field limit of the nonlinear electrodynamics, we find
two restricted conditions on the metric function of (2 + 1)-dimensional regular black hole
in general relativity coupled with nonlinear electrodynamics sources. By the use of the
two conditions, we obtain a general approach to construct (2+1)-dimensional regular black
holes. In this manner, we construct four (2+1)-dimensional regular black holes as examples.
We also study the thermodynamic properties of the regular black holes and verify the first
law of black hole thermodynamics.
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1 Introduction
It has long been known that there is a large class of regular black holes, for which spacetime
singularities can be avoided. The first example of a regular black hole was constructed by
Bardeen in 1968[1]. Nearly 30 years later, Ayón-Beato et al. reobtained the Bardeen black
hole by describing it as the gravitational field of a kind of nonlinear magnetic monopole[2].
Regular black holes can be constructed in different circumstances. Dymnikova had ever
proposed a kind of nonsingular black holes, with a de Sitter core smoothly connecting to
a Schwarzschild outer geometry[3]. The noncommutative geometry inspired black hole is
also a kind of regular black hole with the naked singularity replaced by a de Sitter, regular
geometry around the origin[4]. More regular black holes can be constructed by introducing
nonlinear electromagnetic sources or scalar field[5–15]. For details of regular black holes,
one can refer to the papers [16, 17] and and references therein.
(2 + 1)-dimensional gravity is usually studied as a toy model with the hope that it can
shed light on some problems of its (3 + 1)-dimensional counterpart. In (2 + 1)-dimensional
spacetime, general relativity does not reduce to the Newtonian theory in the weak field
limit and gravitational field has no dynamical degrees of freedom [18–20]. It is generally
believed that there is no black hole in (2 + 1)-dimensional gravity[21]. Not surprisingly,
the discovery of the famous BTZ black hole[22, 23] aroused much interest in the study on
(2 + 1)-dimensional black holes[24–37].
In lower dimensional spacetime, there are also regular black holes. A nonsingular
(1 + 1)-dimensional black hole was derived by using a non-dynamical scalar field[38]. In
[39], a (2 + 1)-dimensional regular black hole was constructed by introducing the nonlinear
electrodynamic source. Myung et al. found a regular black hole in (2+1)-dimensional anti-
de Sitter space by introducing an anisotropic perfect fluid inspired by the noncommutative
black hole[40]. By employing nonlinear Born-Infeld electrodynamics with the Hoffmann
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term and gluing different spacetimes, a regular extension of the charged BTZ black hole
was constructed in [41].
In this letter, we propose a procedure by which one can construct many (2 + 1)-
dimensional regular black holes in general relativity coupled to nonlinear electrodynamics
(NED). The conventional approach to derive the regular black hole is to start from the
energy-momentum tensor or the Lagrangians of the given matter fields, and then solve the
field equation. Here we go the opposite way. As the authors did in [13–15, 42], we can
first construct the regular black holes according to the requirement of avoidance of the
curvature singularity and then derive the corresponding energy-momentum or the matter
fields. As examples, we construct four (2 + 1)-dimensional regular black holes and study
their thermodynamic properties.
The rest of the paper is arranged as follows. In section 2, we provide a brief review
of (2 + 1)-Einstein theory with nonlinear electrodynamics. In section 3, we first analyze
the conditions under which the black hole solution is free of curvature singularity and
then construct several regular black holes. In sections 4, we calculate the thermodynamic
quantities of these regular black holes and verify the first law of black hole thermodynamics.
The conclusion is given in section 5. In this paper we set (G = c = ~ = kB = 1).
2 (2 + 1)-Einstein theory with nonlinear electrodynamics
The action of the (2 + 1)-Einstein gravity coupled with nonlinear electrodynamics is given
by
S =
∫
d3x
√−g
[
R− 2Λ
16pi
+ L(F )
]
, (2.1)
where g is the determinant of the metric tensor, Λ = −1/l2 is the cosmological constant,
and L(F ) is the Lagrangian of the nonlinear electrodynamics with F = FµνFµν .
Variation with respect to the metric tensor, one can derive the field equation:
Gµν + Λgµν = 8piTµν , (2.2)
with
Tµν ≡ − 2√−g
δ(
√−gLm)
δgµν
= gµνL(F )− 4L,FFµαF αν , (2.3)
where L,F represents the derivative of L(F ) with respect to F . The electromagnetic field
equation is
∇µ(L,FFµν) = 0. (2.4)
For the static, circularly symmetric spacetime we take the simplest metric ansatz
ds2 = −f(r)dt2 + f(r)−1dr2 + r2dφ2. (2.5)
Under this metric ansatz, it has been shown in [39] that the magnetic field vanishes and
only the electric field plays the role of the source of gravitational field. Therefore, the
electromagnetic field tensor takes the form of
Fµν = E(r)(δ
t
µδ
r
ν − δtνδrµ), (2.6)
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and correspondingly F = −2E2.
The field equations under the metric ansatz have the simple forms:
f ′(r)
2r
+ Λ = 8pi
[
L(F ) + 4L,FE(r)
2
]
, E(r)L,F = −q
r
, (2.7)
or
f ′(r)
2r
+ Λ = 8pi
[
L(r)− 4q
r
E(r)
]
, L′(r) =
4q
r
E′(r), (2.8)
where q is an integration constant related the the electric charge. Clearly, in the two
equations there are three unknown function: f(r), L(F ), E(r). Generally, L(F ) is first
given and then one can solve the equations to obtain f(r) and E(r). However, in this way
the obtained black hole solutions are not regular in general. So, in this paper we take the
opposite tack. We first construct the regular black holes and then derive the concrete forms
of the Lagrangian of the nonlinear electrodynamics according to the field equations.
3 (2 + 1)-dimensional regular black holes
The black holes are regular if the curvature invariants R, RµνRµν are regular at r = 01.
For the metric ansatz we considered, these invariants are
R = −f ′′(r)− 2f
′(r)
r
,
RµνR
µν =
1
2
f ′′(r)2 +
3f ′(r)2
2r2
+
f ′(r)f ′′(r)
r
. (3.1)
It can be easily found that if
lim
r→0
f ′(r)
r
= constant , (3.2)
the above curvature invariants are all regular and finite in the limit r → 02. This is a
sufficient but not necessary condition to judge the regularity of a black hole solution. By
this standard, we find that the simplest regular black hole in (2 + 1)-dimensional spacetime
is f(r) = C + Dr2, which is in fact the static BTZ black hole with f(r) = −m + r2/l2.
When matter fields exist, the metric function may include other terms. So we conjecture
that the metric function of general regular black holes in (2 + 1)-dimensional spacetime
should takes the form
f(r) = −m+ r
2
l2
+ k(r), (3.3)
where k(r) is at least a two times differentiable function and can be expanded in such a
form of series:
k(r) = k0 + k2r
2 +O(r3). (3.4)
1The “ regular ” in this paper means the avoidance of the curvature singularity. In 2+1 spacetime, there
may be conical singularity at r = 0[18]. One can, in fact, eliminate the conical singularity by choosing the
proper integration constants[39].
2When this limit is established, naturally there is limr→0 f ′′(r) = const due to the L’Hospital’s rule.
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k0, k2 are two constants. There are many functions which have the above asymptotic
behavior. In this way, through choosing proper k(r) one can construct various regular
black holes.
One thing that should be noted is that in the above procedure of constructing the
regular black holes we only require the finite curvature invariants at r = 0 and require
nothing on the Lagrangian of the nonlinear electrodynamics. To obtain more physical
results, we need to add two requirements or conditions on the nonlinear electrodynamics,
which are: (1) the nonlinear electrodynamics should reduce to the Maxwell theory in the
weak field limit, namely L(F ) → F , for large r and (2) the weak energy condition should
be fulfilled.
The condition (1) will put more constraints on the function k(r) in Eq.(3.3). Consider-
ing L(F )→ F , the electric field has the asymptotic solution E(r) ∼ 1r . Substituting them
into Eq.(2.7), we find that for large r
k′(r) ∼ 1
r
. (3.5)
Therefore, to construct a more physically acceptable regular black hole, the function k(r)
should both satisfy Eq.(3.4) and Eq.(3.5).
The weak energy condition ensures that an observer measures a non-negative energy
density. For our nonlinear electrodynamics, it means
L+ 4E2L,F ≤ 0. (3.6)
This condition can be easily fulfilled by many regular black holes.
Below we list four regular black holes constructed according to the approach above.
Case I:
f(r) = −m+ r
2
l2
− q2
√
a2 + r2,
and
L(r) = − a
2q2
16pi (a2 + r2)3/2
, E(r) =
qr3
64pi (a2 + r2)3/2
. (3.7)
Considering the length dimension, in this case [a] = 1 and [q] = −1. This regular black hole
does not satisfy the Maxwell limit in the weak field approximation because E(r) → const
for very large r. Besides, the thermodynamic quantities of the black hole is problematic.
For this simple example, we just want to show that one can construct many, even infinite
many this kind of regular black holes if only requiring to be free of curvature singularity.
In this paper we are not concerned with this type.
Case II:
f(r) = −m+ r
2
l2
− q2 ln
(
q2/a2 + r2
l2
)
,
and
L(r) =
q2
(
a4r2 − a2q2)
8pi (q2 + a2r2)2
, E(r) =
a4qr3
16pi (q2 + a2r2)2
. (3.8)
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This is just the regular black hole obtained previously by Cataldo and García in [39],
but with two differences. In [39], the logarithmic term is q2 ln(r2 + a2). Here we divide
l2 in the logarithmic term to ensure the dimensionless result. The inclusion of the l2 in
the logarithmic term does not influence the electric field. Besides, we replace the a2 in the
logarithmic term with q
2
a2
. This modification will affect the electric field and the Lagrangian
of nonlinear electrodynamics, correspondingly.
Case III:
f(r) = −m+ r
2
l2
− 2q2
[
ln
( q
al
+
r
l
)
+
q
ar + q
]
,
and
L(r) =
a2q2(ar − q)
8pi(ar + q)3
, E(r) =
a3qr2
16pi(ar + q)3
. (3.9)
Case IV:
f(r) = −m+ r
2
l2
− q2 sinh−1
(
a2r2
q2
)
,
and
L(r) =
a2q2
(
a4r4 − q4)
8pi (a4r4 + q4)3/2
, E(r) =
a6qr5
16pi (a4r4 + q4)3/2
. (3.10)
In the Cases II-IV, the length dimensions of the parameters (a, q) are [q2] = −1 and
[a2] = −3. The nonlinear electrodynamics in the Cases II-IV all have the Maxwell theory
as the limit in the weak field approximation. Clearly, when a→∞ or r →∞, the electric
field tends to q/r. In particular, for the Case II and Case III, the regular black holes will
reduce to the static, charged BTZ black hole when the parameter a→∞.
In the four examples, we obtain L(r) and E(r) as functions of r. In principle, one can
always combine them to give L(F ). One can easily check that the electromagnetic fields in
the four cases all satisfy the weak energy condition.
4 Thermodynamics of the regular black holes
The properties of the regular black hole in Case II have been studied by Cataldo and
García[39]. In this section, we are concerned with the regular black holes in Case III and
Case IV. Below we only consider the cases with positive (m, q).
For event horizon to exist, the metric function f(r) must have zeros. The situation is
illustrated in Fig.1. For the regular black hole in Case IV, f(r) = 0 always has one and
only one solution, which is the event horizon of the regular black hole. For the regular black
hole in Case III, f(r) = 0 can have zero, one or two solutions for different values of the
parameter a. When a is negative, no horizon exists. When 0 < a < e3/2, there is only one
horizon and when a > e3/2, no matter how large, there are always two horizons.
– 5 –
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Figure 1. Behaviors of the metric function f(r) for different values of a. The left panel corresponds
to the regular black hole in Case III and the right panel corresponds to the one in Case IV. We set
m = l = q = 1.
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Figure 2. The temperature of the regular black holes as functions of r+. The left panel corresponds
to the regular black hole in Case III and the right panel corresponds to the one in Case IV. We set
l = q = 1.
The temperatures of the two regular black holes can be calculated directly. In Case
III, it is
T =
f ′(r+)
4pi
=
r+
2pil2
[
1− a
2l2q2
(ar+ + q)
2
]
, (4.1)
and in Case IV it is
T =
r+
2pil2
1− a2q2l2√
a4r4+ + q
4
 , (4.2)
where r+ represents the position of the event horizon. Comparing Eq.(4.1) with Eq.(4.2),
the temperatures in the two cases have similar form and both asymptotically approach
the temperature of static, charged BTZ black hole. As is depicted in Fig.2, when a is
small enough the temperatures can be always positive and increases monotonically with
the increase of r+. For larger a, the temperatures are negative for small r+ and are positive
for large r+.
The entropy of the regular black holes in 2+1 dimensions takes the general Bekenstein-
Hawking form: S = A/4 = pir+/2.
There are two parameters: a and q, in the solutions listed in Case III and Case IV. We
should judge which parameters are black hole parameters(integration constants) and which
are model parameters(coupling constants). In fact, the L(r) and E(r) in Case III and Case
IV can be respectively rewritten as
L(r) =
r/q − 1/a
8pi(r/q + 1/a)3
, E(r) =
r2/q2
16pi(r/q + 1/a)3
. (4.3)
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L(r) =
r4/q4 − 1/a4
8pi (r4/q4 + 1/a4)3/2
, E(r) =
r5/q5
16pi (r4/q4 + 1/a4)3/2
. (4.4)
Clearly, r/q can be eliminated from L(r) and E(r). Then L(E) only contains the parameter
a, which is a coupling constant. For our solutions there are two black hole parameters: m
and q, which should be related to the black hole massM and electric charge Q, respectively.
The electric charge can also be derived through comparing with the charged BTZ black
hole. However, one can also directly employ the formula given in [43]: Q = 4Vol(ΓD−2)q,
where Vol(ΓD−2) is the unit volume of a D − 2-dimensional Riemann space. In (2 + 1)-
dimensional case, we obtain Q = 8piq.
Comparing with the static, charged BTZ black hole, one can easily obtain the mass
of the regular black holes M = m/8. We can further confirm this result according to
the first law of the black hole thermodynamics: dM = TdS + ΦdQ. Form the first law,
there should be T = ∂M
∂S
∣∣∣
Q
. On the other hand, our metric functions all have the form:
f(r) = −m+ r2
l2
+ k(r), which means
T =
f ′(r+)
4pi
=
1
4pi
∂m
∂r+
∣∣∣∣
q
=
1
8
∂m
∂S
∣∣∣∣
q
=
1
8
∂m
∂S
∣∣∣∣
Q
. (4.5)
Compared with the first law, we know that the black hole mass M = m/8.
Φ is the electric potential at infinity measured with respect to the event horizon. In
general, it is defined by Φ = φ(∞)− φ(r+) with φ(r) satisfying φ(r) =
∫∞
r E(x)dx.
In (3 + 1)- or higher dimensional spacetime, one can directly derive the Φ through the
integral of the electric field. Whereas, in the (2 + 1)-dimensional spacetime one cannot
obtain Φ in this way. As mentioned in section 3, if the nonlinear electrodynamics reduces
to the Maxwell theory in the weak field limit, the electric field E(r) ∼ 1/r for large r.
Thus, the integral of the electric field will give a logarithmic divergent result at infinity.
However, if Φ has been derived in other methods, one can verify it with the help of the
relation E(r+) = ∇Φ(r+).
For the regular black holes in Case III and Case IV, the black hole masses are respec-
tively
M =
r2+
8l2
− q
2
4
[
ln
( q
al
+
r+
l
)
+
q
ar+ + q
]
,
M =
r2+
8l2
− q
2
8
[
sinh−1
(
a2r2+
q2
)]
. (4.6)
According to the first law, the electric potentials in the two cases should be
Φ =
∂M
∂Q
∣∣∣∣
S
=
q2(4ar+ + 3q)
32pi(ar+ + q)2
+
q
16pi
ln
(
ar+ + q
al
)
,
Φ =
q
32pi
sinh−1(a2r2+
q2
)
− a
2r2+√
a4r4+ + q
4
 . (4.7)
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Taking the derivative with respect to r+, we find that they indeed give the same electric
fields as those in Eq.(3.9) and Eq.(3.10).
Thus, the two (2+1)-dimensional regular black holes indeed satisfy the first law of black
hole thermodynamics. This result is what we expect. After all, the first law, Smarr formula
and the Komar charge may be violated for some regular black holes in (3 + 1)-dimensional
spacetime[44–47]. In fact, the two (2 + 1)-dimensional regular black holes also violate the
Smarr formula. We can remedy this problem by slightly adjusting the k(r) part in the
metric functions and treating the cosmological constant as the thermodynamic pressure,
P = −Λ/8pi = 1/8pil2. In this extended phase space, the Smarr formula can be established.
Moreover, the first law in the extended phase space is also fulfilled. The only drawback
is that the parameter l will occur in the electric field. Some details of this problem are
presented in the Appendix A.
At last, we discuss the thermodynamic stability of the regular black holes. According
to the first law, one can define the heat capacity as C = ∂M
∂T
∣∣∣
Q
= T ∂S
∂T
∣∣∣
Q
. As is shown
in Fig.2, the positive temperatures increase monotonically with the increase of r+, namely
S. Thus, the heat capacity is always positive. Therefore, the two regular black holes are
always thermodynamically stable.
5 Conclusion
In this paper, we studied the (2+1)-dimensional regular black holes in the general relativity
coupled to nonlinear electrodynamics. Under the metric ansatz Eq.(2.5), we analyzed the
curvature invariants in (2 + 1)-dimensional spacetime. For such a metric function, f(r) =
−m + r2/l2 + k(r), we found that so long as k(r) = k0 + k2r2 + O(r3), the black holes
will be regular. According to this standard, one can construct many (2 + 1)-dimensional
regular black holes. If further requiring that the nonlinear electrodynamics can reduce to the
Maxwell theory in the weak field limit, the metric function will receive another constraint:
k′(r) ∼ 1r for large r. On the basis of these constraints, we construct four regular black
holes as examples and derived the corresponding electric fields and the Lagrangians of the
nonlinear electrodynamics.
We then analyzed the thermodynamic properties of the regular black holes in the Case
III and Case IV. We found that their temperatures have the similar form and both asymp-
totically approach that of the static, charged BTZ black hole. When the parameter a is
small enough, the temperatures can be always positive. We also derive other thermody-
namic quantities, such as the black hole mass, electric charge and the electric potential. For
the two regular black hole, the first law of black hole thermodynamics is completely fulfilled.
The positive temperatures are monotonic functions of the black hole entropy. This means
that the heat capacity is always positive and thus the black holes are thermodynamically
stable.
– 8 –
A Regular black holes in extended phase space
To satisfy both the first law of black hole thermodynamics and the Smarr formula, the
regular black holes constructed above should be modified slightly.
Taking the Case II as an example, the regular black hole satisfies the first law: dM =
TdS+ΦdQ, but does not satisfy the Smarr formula. While, for the slightly modified regular
black hole
f(r) = −m+ r
2
l2
− q2 ln
(
q2
a2
+
r2
l2
)
, (A.1)
after considering P = −Λ/8pi = 1/8pil2, the first law
dM = TdS + ΦdQ+ V dP, (A.2)
and the Smarr formula TS − 2V P = 0 are both fulfilled in the extended phase space. Here
V is not the standard thermodynamic volume pir2+, but
V =
∂M
∂P
∣∣∣∣
S,Q
= pir2+
(
1− q
2a2l2
q2l2 + a2r2+
)
, (A.3)
which violates the isoperimetric inequality[37, 48].
The drawback of this modification is that the de Sitter radius l will occur in the electric
field and the Lagrangian of the NED:
L(r) =
q2
(
a4r2 − a2q2l2)
8pi (q2l2 + a2r2)2
, E(r) =
a4qr3
16pi (q2l2 + a2r2)2
. (A.4)
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